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Abstract Ambient noise surface wave traveltime tomography has been increasingly used to investigate
shallow crustal structures. In relatively small‐scale studies, factors such as topography and the uneven
distribution of ambient noise sources may have significant influence on the tomographic results. In addition,
anisotropy can also affect surface wave propagation, but is usually neglected. In this study, we adopt an
anisotropic eikonal equation to model Rayleigh wave phase traveltime in weak anisotropic media with
topographic variation. An inversion scheme is developed to invert for both shear wave velocity (Vs) and
anisotropy using adjoint‐state method. This tomography method is applied in the Huidong region, located near
the southwestern segment of the Lianhuashan Fault Zone, China. Rayleigh wave phase delays caused by the
uneven distribution of ambient noise sources are observed. This effect is corrected through traveltime correction
which is determined by inverting for the azimuthal amplitude density of ambient noise. The tomographic results
reveal low‐Vs anomalies and ENE‐oriented fast directions that are consistent with the strike of the Danshui
Fault. In addition, a hidden fault is inferred from the NW‐oriented fast directions and low‐Vs anomalies.

Plain Language Summary Surface wave traveltime tomography is a routine technique to investigate
underground structures by inverting surface wave traveltime measurements for subsurface shear wave velocity
and anisotropy. Its reliability depends on accurate calculation of surface wave traveltimes. In this study, we use
an anisotropic eikonal equation, incorporating the influence of velocity heterogeneity, anisotropy, and
topography, to model Rayleigh wave phase traveltimes. Furthermore, the impact of unevenly distributed
ambient noise sources is addressed by inverting for the ambient noise energy distribution and correcting the
phase delays. This method is applied in the Huidong region, located near the southwestern segment of the
Lianhuashan Fault Zone, China. The obtained low velocity anomaly and ENE‐oriented anisotropy are consistent
with the Danshui Fault. We found a low velocity anomaly and NW‐oriented anisotropy to the north of the
Danshui Fault, which may indicate a hidden fault beneath the urban area of Huidong, China.

1. Introduction
Seismic azimuthal anisotropy describes the dependence of seismic wave speeds on the azimuth of wave prop-
agation. It can result from both present‐day and historical geological processes. In the upper crust, the primary
origins of seismic anisotropy include the preferential opening of cracks caused by stress field as well as structural
features such as faults (Boness & Zoback, 2006; Johnson et al., 2011). Observations of seismic anisotropy serve as
a valuable tool for investigating subsurface structures and stress conditions.

Anisotropy can influence the propagation of surface waves, causing ray paths to deviate fromwhat is calculated in
isotropic media. However, this effect is usually ignored in surface wave traveltime tomography (e.g., Lin
et al., 2009; C. Liu et al., 2019). Eikonal equation can be used to model azimuthal anisotropy by incorporating an
anisotropic term (e.g., Tong, 2021b; J. Chen et al., 2023). The elliptically anisotropic eikonal equation has been
used to model surface wave traveltime and invert for surface wave velocity map (De Ridder et al., 2015; Y. Chen
et al., 2023). However, the anisotropic shear wave velocity has not been obtained in these studies, limiting the
ability to resolve depth‐dependent variations in anisotropy. To overcome this limitation, the relationship between
elliptically anisotropic eikonal equation and azimuthally anisotropic shear wave velocity needs to be addressed. In
addition to seismic azimuthal anisotropy, topographic variation can also influence the propagation of seismic
waves and may contribute to the azimuthal dependence of surface wave velocities (Hao et al., 2024; Du
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et al., 2024; Koulakov et al., 2016; X. Zhou et al., 2023). In this work, the influence of topography is simulated by
solving eikonal equation on a curved surface, following the approach of Hao et al. (2024).

On the other hand, the retrieval of empirical Green's functions from ambient noise cross‐correlations relies
fundamentally on the assumption of a uniform noise source distribution (V. C. Tsai, 2009; Lobkis &
Weaver, 2001). Ambient noise interferometry has been widely applied to investigate crustal and upper mantle
structures (e.g., Shapiro et al., 2005; G. D. Bensen et al., 2008; Kästle et al., 2018). Nevertheless, in local‐scale
studies, the duration of observations is often limited, and the ambient noise field may not be sufficiently diffuse.
Such non‐uniform noise source distributions can introduce systematic biases in traveltime measurements,
potentially leading to erroneous velocity estimations and spurious anisotropy if not properly corrected (Yao &
Van Der Hilst, 2009). To address this limitation, several methods have been developed. The distribution of
ambient noise sources can be inferred by modeling the noise field under a plane‐wave assumption (Harmon
et al., 2010; K. Wang et al., 2016), or by using wave‐equation‐based approaches (C. Zhou et al., 2022; Datta
et al., 2023). Alternatively, it has been shown that the bias caused by noise sources can be mitigated in differential
time measurements (X. Liu et al., 2023; Yan et al., 2024). The impact of non‐uniform noise source distributions
on the inversion of azimuthal anisotropy models remains an area requiring further investigation.

One promising application of surface wave tomography is identifying hidden faults, which is crucial for earth-
quake hazard assessment and urban development planning (Kramer & Stewart, 2024). Several geophysical
techniques have been shown to be effective to investigate hidden faults, including seismic reflection (Ishiyama
et al., 2016; Reeve et al., 2015), electrical resistivity tomography (Arjwech et al., 2024; Porras et al., 2022),
magnetotellurics (García et al., 2025), and gravity surveys (Dilalos & Alexopoulos, 2020; Yanis et al., 2021). In
urban environments, the usage of active seismic sources is often restricted. Ambient noise tomography offers a
promising alternative for delineating hidden faults by resolving both velocity and anisotropy structures. Reliable
tomography results depend on accurate forward modeling. However, the effects of anisotropy, topography, and
uneven distributions of ambient noise sources are frequently overlooked in surface wave traveltime tomography.

In this study, we develop a novel approach, azimuthally anisotropic adjoint‐state surface wave traveltime to-
mography, which enables the direct inversion of surface wave traveltimes for both shear wave velocity and
azimuthal anisotropy. This method utilizes an anisotropic eikonal equation to accurately model traveltime fields
of surface waves in undulated, heterogeneous, and anisotropic media. The corresponding tomographic inversion
problem is solved by the adjoint‐state method. To reduce biases introduced by uneven ambient‐noise distribution
in the extracted surface‐wave traveltimes, we invert for the ambient‐noise amplitude density function and
incorporate corresponding phase‐delay corrections.

The Lianhuashan Fault Zone, the southern segment of the Zhenghe‐Dapu Fault, plays a significant role in regional
seismic hazard assessment and geothermal resource exploration (Lü et al., 2021; L. Liu et al., 2024; X. Li
et al., 2024). However, the subsurface structure of the Lianhuashan Fault Zone remains insufficiently constrained.
To address this issue, we apply our method to a large data set acquired in Huidong, China, using a dense seismic
array of up to 1,110 stations. The study area covers the southwestern segment of the Lianhuashan Fault Zone, with
particular focus on the Danshui Fault, which is considered the north boundary of the Lianhuashan fault zone (Xin
et al., 2023). The resulting shear wave velocity and anisotropy models are compared with known fault structures
and further employed to infer potential hidden faults.

2. Methodology
The adjoint‐state surface wave traveltime tomography for azimuthally anisotropic media refines the shear wave
velocity and anisotropy models by minimizing the misfit between observed and simulated Rayleigh wave phase
traveltimes. In this section, we will discuss the following aspects in detail: (a) Simulating the traveltimes given a
specific Rayleigh wave phase velocity, anisotropy and topography configuration; (b) Deriving the Fréchet de-
rivative of the objective function with respect to Rayleigh wave phase velocity and anisotropy; (c) Deriving the
Fréchet derivative of the objective function with respect to shear wave velocity and anisotropy; (d) Parameter-
izing and optimizing the velocity and anisotropy model.
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2.1. Rayleigh Wave Phase Traveltime in Media With Azimuthal Anisotropy and Topography

In weak anisotropic media, the phase velocity of Rayleigh waves exhibits a periodicity of 180° with respect to the
azimuth, characterized by mutually perpendicular fast and slow directions (Appendix B, C; Montagner &
Nataf, 1986). In this case, the traveltime field can be modeled using an elliptically anisotropic eikonal equation.
We consider a seismic source located at xs. The associated traveltime field T is governed by the elliptically
anisotropic eikonal equation:

⎧⎨

⎩

[∇T(x0)]tM(x0)∇T(x0) = 1,

T(xs) = 0,
(1)

where x0 = (x, y) is any location at the Earth's surface. The matrix M(x0) represents the Rayleigh wave phase
velocity and anisotropy, which are characterized by the fast velocity c1 (x0), the slow velocity c2 (x0), and the
angle of the fast velocity direction counterclockwise from east ϕ(x0). The eigenvalues of M correspond to the
squared phase velocities along the respective eigenvector directions. Based on the fast and slow velocities and
their directions, M can be expressed as:

M = c21ppt + c22qqt, (2)

where all variables are functions of x0. p = (cos ϕ, sin ϕ)t is the unit vector in the direction of the fast phase
velocity c1, q = ( − sin ϕ, cos ϕ)t is the unit vector in the direction of the slow phase velocity c2.

We further consider the propagation of surface waves along an undulating surface in three‐dimensional space.
The surface is defined by the equation z = Φ(x, y). Similar to the case with the isotropic eikonal equation (Hao
et al., 2024), corrections related to the topography can be incorporated into the elliptically anisotropic eikonal
equation by projecting the traveltime gradient vector onto the tangent plane of the surface (Y.‐H. R. Tsai
et al., 2003). The projection operator is:

O‖ = I −
nnt

‖n‖2
, (3)

where n is the normal vector of the topography surface, given by:

n = (− Φx, − Φy, 1)t. (4)

Then we extend the 2D anisotropic matrix M into 3D case (Tong, 2021b):

M̂ = c21 p̂ p̂t + c22 q̂ q̂t + c23 r̂ r̂t, (5)

where the fast axis p̂, slow axis q̂ and vertical axis r̂ are given by:

p̂ = (cos ϕ, sin ϕ, 0)t, q̂ = (− sin ϕ, cos ϕ, 0)t, r̂ = (0,0,1)t. (6)

We define the 3D auxiliary field Γ(x,y, z), satisfying:

Γ(x,y, z) = T(x,y), (7)

where T(x,y) represents the traveltime at the point (x, y, Φ(x,y)) on the surface. Based on the assumption that
surface waves propagate along the curved surface, the projection of ∇Γ on the tangent plane, denoted by O‖∇Γ,
locally describes the traveltime gradient of the surface wave. Thus, O‖∇Γ satisfies the anisotropic eikonal
equation, given by:
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(O‖∇Γ)
t M̂(O‖∇Γ) = 1. (8)

Noting that Γx = Tx, Γy = Ty, and Γz = 0, Equation 8 reduces to:

∇TtM∇T = s2, (9)

where s represents Rayleigh wave slowness,M is the second‐order leading principal submatrix of s2Ot
‖ M̂O‖. We

define variables s(x0), ξ(x0), and η(x0) to describe the Rayleigh wave slowness and anisotropy as follows:

s =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2

c21 + c22

√

, (10)

ξ =
1
2

c21 − c22
c21 + c22

cos 2 ϕ, (11)

η =
1
2

c21 − c22
c21 + c22

sin 2 ϕ, (12)

and set the vertical velocity as horizontal average by c3 = 1/s. This simplification is justified as previous studies
have demonstrated that the inversion results are virtually insensitive to the choice of c3 (Eberhart‐Phillips &Mark
Henderson, 2004). For brevity, we further define the topographic coefficients a(x0), b(x0), and c(x0) by:

a =
1 +Φ2

y

Φ2
x +Φ2

y + 1
, b =

1 +Φ2
x

Φ2
x +Φ2

y + 1
, c =

ΦxΦy

Φ2
x +Φ2

y + 1
. (13)

Then M takes the explicit form:

M = (
a − c

− c b
) (

1 + 2ξ 2η

2η 1 − 2ξ
) (

a − c

− c b
) + (a + b − 1)(

1 − a c

c 1 − b
). (14)

Figure 1a is an illustrative example of how the inclusion of anisotropy via Equation 9 can affect the traveltime
field. Furthermore, we represent topography using a gridded digital elevation model, and apply a wavelength‐
dependent low‐pass filter prior to solving the eikonal equation (Hao et al., 2024; Köhler et al., 2012). The fil-
ter removes short‐wavelength variations and yields a smoother, effectively differentiable surface at the scales
relevant to the surface wave wavelength. We set the corner wavelength of the filter as λfilter = κ λwave
with κ = 2.5.

2.2. Fréchet Derivative With Respect to Phase Velocity and Anisotropy

We consider N seismic sources located at xs,n (n = 1, 2, … , N),M receivers located at xr,m (m = 1, 2, … , M),
and measure the corresponding surface wave traveltime To

n,f at frequency f (f ∈F, with F being the set of
measured frequencies). The objective function at frequency f is defined as:

χ f = ∑
N

n=1
∑
M

m=1

ωn,m,f
2

[Tn,f (xr,m) − To
n,f (xr,m)]

2, (15)

where ωn,m,f is the weighting factor for each traveltime observation, Tn,f (xr,m) is the calculated traveltime be-
tween the n‐th source and the m‐th receiver, and To

n,f (xr,m) is the corresponding observed traveltime. The de-

rivatives of the objective function χ f with respect to Rayleigh wave slowness and anisotropy (sf ,ξ f ,η f ) can be
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derived by the adjoint‐state method (Appendix A). For brevity, the dependency of the model parameters and
traveltime field on x0 is omitted. The perturbation of the objective function can be expressed as:

δχ f = ∫
D
Ks

f
δsf

sf
dx0 +∫

D
Kξ

f δξ f dx0 +∫
D
Kη

f δη f dx0, (16)

where D is the study region on the Earth's surface, Ks
f ,K

ξ
f , and Kη

f are surface wave slowness and anisotropy
kernels defined as:

Ks
f = ∑

N

n=1
Pn,f s2f , (17)

Kξ
f = ∑

N

n=1
∇Tt

n,f (
a − c

− c b
)(

− 1 0

0 1
) (

a − c

− c b
)∇Tn,f Pn,f , (18)

Kη
f = ∑

N

n=1
∇Tt

n,f (
a − c

− c b
) (

0 − 1

− 1 0
) (

a − c

− c b
)∇Tn,f Pn,f . (19)

Pn,f is the adjoint field, with Pn,f = 0 on the boundary of study region, and satisfies:

∇ ⋅ {Pn,f [− ∇Tn,f ]
tM} = ∑

M

m=1
ωn,m,f [Tn,f − To

n,f (xr,m)]δ(x − xr,m). (20)

The adjoint field Pn,f in Equation 20 describes the backward transportation of the traveltime residuals from the
receivers to the source. Figure 1b is an illustrative example of how the adjoint field is influenced by the inclusion

Figure 1. (a) Surface wave traveltimes in a medium with varying anisotropy and a uniform velocity. The source is denoted by
the red star. The traveltime contours in the anisotropic medium are shown by the red dashed lines, while those in the
corresponding isotropic medium are represented by the blue dashed lines. The amplitude of the anisotropy is depicted by the
background colors. The fast velocity direction of anisotropy is 90° (along the y‐axis). (b) The adjoint field calculated in the
same anisotropic medium as in (a). The star and triangles denote the source and receivers, respectively. The black dashed lines
are straight lines connecting the source and receivers, serving as a reference for how anisotropy distorts the propagation path of
surface waves.

Journal of Geophysical Research: Solid Earth 10.1029/2025JB033164

HAO ET AL. 5 of 25

 21699356, 2026, 4, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2025JB

033164 by U
niversity O

f T
oronto, W

iley O
nline L

ibrary on [11/04/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



of anisotropy. Furthermore, an overall objective function is defined as the sum of the objective functions at all
frequencies:

χ = ∑
f∈F

χ f . (21)

2.3. Fréchet Derivative With Respect to Body Wave Velocity and Anisotropy

In a model with weak lateral heterogeneity, the propagation of surface waves can be modeled using a surface wave
velocity map, where the velocity at each horizontal location is determined by the 1D depth profile of elastic
parameters beneath that location, assuming the medium is laterally homogeneous within each local column
(Woodhouse, 1974). This assumption is widely adopted in surface wave traveltime tomography (e.g., Bodin
et al., 2012; Fang et al., 2015; Galetti et al., 2016), avoiding the substantial computational cost of solving 3Dwave
equations.

It is worth noting that Woodhouse (1974) incorporated topographic effects into dispersion calculations by treating
surface relief as variations in local layer thickness. Similarly, Snieder (1986) formulated the influence of
topography within a Born‐approximation framework, modeling it as a boundary perturbation that effectively
thickens or thins the local crustal waveguide, thereby altering phase velocities. In this study, we account for
topography through its geometric influence on propagation by tracing surface wave paths on the curved surface.
Because the geometric path effects and dispersion perturbations stem from different theoretical assumptions and
are not currently unified within a consistent framework, we do not apply an additional topographic correction in
dispersion curve calculation.

In a layered model, the perturbation of surface wave velocity can be expressed as a depth integration of the
perturbations in 12 elastic parameters (Appendix B; Montagner & Nataf, 1986). In this study, we consider four
elastic parameters, which are related to shear wave velocity (β), shear wave azimuthal anisotropy (gc and gs), and
P‐wave velocity (α). The remaining parameters, which have limited influence on Rayleigh wave phase traveltime,
are fixed or treated as dependent variables (see Appendix B for details). The perturbation of Rayleigh wave phase
slowness and anisotropy at the horizontal position (x,y) can be expressed as (Appendix C):

δsf (x,y) = ∫

∞

0
[
δα
α

Kα
s,f +

δβ
β

Kβ
s,f + δgsK

gs
s,f + δgcK

gc
s,f ] dz, (22)

δξ f (x,y) = ∫

∞

0
[δgcK

gc
ξ,f + δgsK

gs
ξ,f ] dz, (23)

δη f (x,y) = ∫

∞

0
[δgcK

gc
η,f + δgsK

gs
η,f ] dz, (24)

where the kernels are detailed in Equations C11–C18, the arguments (x, y, z) of both the model parameters and
kernels are omitted. Finally, the perturbation of the overall objective function can be calculated by summing the
perturbations of objective functions at each frequency. Substitute Equations 22–24 into Equation 16:

δχ = ∑
f∈F

δχ f = ∫
Ω
[Kβδβ

β
+ Kαδα

α
+ K gcδgc + K gsδgs] dx, (25)

where the integration domain Ω denotes 3D subsurface space. Both the model parameters and their kernels are
functions of location (x, y, z), which are omitted. Kβ,Kα,K gc , and K gs are the kernels of relative shear wave
velocity, relative P‐wave velocity, gc, and gs, respectively:

Kβ(x) = ∑
f∈F

[
1

sf (x0)
Ks

f (x
0)Kβ

s,f (x)], (26)
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Kα(x) = ∑
f∈F

[
1

sf (x0)
Ks

f (x
0)Kα

s,f (x)], (27)

K gc (x) = ∑
f∈F

[
1

sf (x0)
Ks

f (x
0)Kgc

s,f (x) + Kξ
f (x

0)Kgc
ξ,f (x) + Kη

f (x
0)Kgc

η,f (x)], (28)

K gs (x) = ∑
f∈F

[
1

sf (x0)
Ks

f (x
0)Kgs

s,f (x) + Kξ
f (x

0)Kgs
ξ,f (x) + Kη

f (x
0)Kgs

η,f (x)]. (29)

Note that kernels associated with body wave parameters depend on the 3D location x = (x, y, z), whereas
kernels associated with surface wave parameters depend only on the horizontal location x0 = (x, y).

The above derivation does not treat density as an independent parameter in the Fréchet derivative of the objective
function Equation 25. In this study, density perturbations are assumed to scale with shear wave velocity per-
turbations through an empirical relationship (Montagner & Anderson, 1989; Zhu et al., 2015):

δρ
ρ

= 0.33
δβ
β
. (30)

2.4. Inversion Scheme

The body wave velocity and anisotropy models are discretized on a 3D regular fine grid, where the grid sizes are
Δx × Δy × Δz. The forward modeling, which simulates Rayleigh wave phase traveltimes based on 3D body
wave velocity and anisotropy models, consists of two steps. The first step is to construct anisotropic phase ve-
locity maps at each frequency ( sf (x0),ξ f (x0),η f (x0)), based on the body‐wave model (Equations C5–C7). The
second step is to model the traveltime field of each source by Equation 9. The anisotropic eikonal equation
Equation 9 is numerically solved using the fast sweeping method (Kao et al., 2005; J. Chen et al., 2023), with the
anisotropic phase slowness and traveltime field being discretized on a 2D regular fine grid, whose sizes
are Δx × Δy.

Based on the forward modeling described above, objective functions can be calculated. The inversion scheme
minimizes the overall objective function by iteratively updating model parameters based on Equation 25. The
primary target of the inversion is the anisotropic shear wave velocity, defined by the parameters β,gc, and gs. The
P‐wave velocity α can also be constrained but its kernel is generally much smaller in amplitude than that of shear
wave velocity. The multiple‐grid approach (Tong et al., 2019) is adopted to discretize the perturbations of
anisotropic velocities δβ

β ,
δα
α , δgc, and δgs on sparse inversion grids. The inversion grid of shear wave velocity

perturbation is composed of H sets of component grids, each with Lh,β grid nodes. The shear wave velocity
perturbation associated with the l‐th node on the h‐th set of the inversion grid is denoted as δCh

l,β. It is related to the

continuous relative shear wave velocity perturbation δβ
β (x) by:

δβ
β
(x) =

1
H
∑
H

h=1
∑

Lh,β

l=1
δCh

l,βBh
l,β(x), (31)

where Bh
l,β(x) is a basis function associated with the l‐th node on the h‐th set of the inversion grid. In this study,

trilinear interpolation basis functions are adopted. The inversion grid and basis function are similarly defined for
parameters δα

α ,δgc, and δgs:

δα
α
(x) =

1
H
∑
H

h=1
∑

Lh,α

l=1
δCh

l,αBh
l,α(x), (32)

δgc(x) =
1
H
∑
H

h=1
∑

Lh,gc

l=1
δCh

l,gc B
h
l,gc (x), (33)
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δgs(x) =
1
H
∑
H

h=1
∑

Lh,gs

l=1
δCh

l,gs B
h
l,gs (x). (34)

Substituting Equations 31–34 into Equation 25, we have:

∂χ
∂Ch

l,β
=
1
H
∫
Ω
Kβ(x)Bh

l,β(x)dx, (35)

∂χ
∂Ch

l,α
=
1
H
∫
Ω
Kα(x)Bh

l,α(x)dx, (36)

∂χ
∂Ch

l,gc
=
1
H
∫
Ω
K gc (x)Bh

l,gc (x)dx, (37)

∂χ
∂Ch

l,gs
=
1
H
∫
Ω
K gs (x)Bh

l,gs (x)dx. (38)

With the gradients provided in Equations 35–38, we can find an optimal vector, composed of elements
Ch

l,β, Ch
l,α, Ch

l,gc , and Ch
l,gs , that minimizes the objective function χ. In this study, we use the step‐size‐controlled

gradient descent method (Tong, 2021a).

3. Application in Huidong
3.1. Data and Processing

The ambient noise data used in this study were recorded by a temporary nodal array of short period seismometers.
Data acquisition was carried out in two phases: The first phase (2–16 August 2019) deployed 621 seismometers,
and the second phase (20 August–5 September 2019) deployed 489 seismometers (Figure 2). The array consisted
of Zland 3C and Smartsolo seismometers, both with a 5 Hz corner frequency and a sampling rate of 500 Hz.

The ambient noise processing mainly follows the procedures summarized by G. Bensen et al. (2007). Waveform
data are downsampled to 50 Hz and smoothed using the moving average method in both the time and frequency
domains. Cross‐correlations are computed from 1‐hr noise segments with a 0.5‐hr overlap. To enhance signal
quality, we apply the RMS‐ratio selection stacking method, which has been shown to achieve an improved signal‐
to‐noise ratio for cross‐correlation functions with only tens of days of observation (Xie et al., 2020). The resulting
cross‐correlation functions show clear fundamental‐mode Rayleigh waves in the 0.25–1 Hz band, on both the
causal and non‐causal parts, corresponding to stations south and north of the reference station, respectively
(Figure 3). The observed asymmetry may indicate an uneven distribution of ambient noise sources (Harmon
et al., 2010). We use the multiple‐filter technique (Yao et al., 2006) to measure Rayleigh wave phase velocity
dispersion curves on the averaged causal and acausal components, within the period range from 1.0 to 3.75 s
(Figures 4a and 4b). At each frequency, we apply narrow‐bandpass filtering and track waveform crests to
determine Rayleigh wave phase delays. Following the far‐field representation of the fundamental‐mode Rayleigh
wave Green's function, the phase traveltime is expressed as:

To = Tcrest −
1
8f

+
N
f
, N ∈Z, (39)

where Tcrest is the observed time of the waveform crest and f is the frequency. The term − 1
8f accounts for the

π
4

phase shift in the far‐field asymptotic approximation (V. C. Tsai, 2009). The integer N represents the cycle
ambiguity. To prevent cycle skipping, we use a region‐average dispersion curve derived from the Frequency‐
Bessel method as a reference (J. Wang et al., 2019). Furthermore, the inter‐station distance is required to be
greater than 1.5 times the surface wave wavelength at each frequency (Luo et al., 2015).
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3.2. Noise‐Source Directionality Correction

The directionality of ambient noise sources can lead to azimuthally dependent biases in phase traveltime mea-
surements (Sadeghisorkhani et al., 2017; V. C. Tsai, 2009; Yao & Van Der Hilst, 2009), potentially resulting in

Figure 2. Satellite image with topographic contours and seismic station distribution in the Huidong region. The blue and red
triangles indicate seismometers deployed in Phase 1 and Phase 2, respectively. Solid green lines represent faults identified in
previous studies (J. Li et al., 2020). The dashed green line denotes a segment of a hidden fault inferred from this study. The
satellite image was retrieved from Google Earth. The inset map indicates the location of the study area in southeastern China,
with the red rectangle outlining the region shown in the main figure. Gray lines in the inset map represent active faults in
China (Wu et al., 2024).

Figure 3. Cross‐correlation functions calculated between the reference station (indicated by the triangle highlighted by the red circle in Figure 2) and other stations
located between 114.67° and 114.69° longitude. (a)–(c) show the cross‐correlation functions in (a) broadband, (b) bandpass filtered at 0.25–1 Hz, and (c) bandpass
filtered at 1–3 Hz. The y‐axis denotes the inter‐station distance, with negative values indicating that the reference station is located to the north.
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artifacts in both velocity and azimuthal anisotropy. In this study, the observed asymmetry in the cross‐correlation
functions (Figure 3) suggests an uneven distribution of ambient noise sources around the study region (Harmon
et al., 2010). To illustrate the systematic phase delays of surface waves at different azimuths, we invert the
observed phase traveltimes for an isotropic Vs model using a procedure similar to that described in Section 3.3,
and examine the residuals between isotropic‐model‐predicted and observed traveltimes (Figures 5b and 5c).
These residuals exhibit significant azimuthal variations, which are interpreted as a consequence of the uneven

Figure 4. (a) Dispersion curves used in this study. The orange line denotes the average dispersion curve, with the
corresponding standard deviations shown at each period. (b) Quantities of the dispersion curve measurements. The blue bars
represent the number of dispersion curve measurements. (c) Initial velocity models.

Figure 5. Inverted amplitude density of ambient noise sources and the corresponding phase delay predictions. (a) Amplitude density of ambient noise sources at periods
of 1.0 s, 1.25 s, 1.5 s, 1.75 s, 2.0 s, and 2.5 s. (b) Comparison of predicted and observed traveltime deviations at 1.5 s period. The red line indicates the predicted phase
delays based on the inverted amplitude density. Gray dots represent the residuals between the isotropic‐model predictions and observed traveltimes. Blue dots and
shaded regions represent the bin‐averaged means and standard deviations, respectively, of the residuals between the final‐model predictions and observations. (c) Same
as (b), but for the 2.5 s period.
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HAO ET AL. 10 of 25

 21699356, 2026, 4, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2025JB

033164 by U
niversity O

f T
oronto, W

iley O
nline L

ibrary on [11/04/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



ambient noise source distribution. To mitigate its influence, we invert for the amplitude density of ambient noise
from the frequency‐domain cross‐correlation functions (Appendix D; Harmon et al., 2010).

The inverted ambient noise distribution is consistent with the geographic context (Figure 5a), as the ambient noise
in this period band mainly originates from oceanic waves (Nishida, 2017; Tanimoto & Anderson, 2023).
Furthermore, phase delays in cross‐correlation functions are predicted from the inverted ambient noise distri-
bution (Appendix D), and can account for the observed azimuthally dependent traveltime residuals (Figures 5b
and 5c). The cross‐correlation functions show azimuthally dependent amplitude anomalies, which can be pre-
dicted by the inverted amplitude density function (Figures S1 and S2 in Supporting Information S1). Based on
these observations, we use the inverted ambient noise distribution to correct the observed phase traveltimes before
conducting anisotropic tomography. At periods longer than 2.5 s, constraining ambient noise distribution is
limited by the array aperture. Therefore, the distribution estimated at 2.5 s is used for traveltime correction.

To further assess the reliability of the noise source inversion, we compared the observed traveltimes with pre-
dictions from the final heterogeneous, azimuthally anisotropic model (detailed in Section 3.3). As shown in
Figures 5b and 5c, the residuals derived from this final model (blue dots) exhibit an azimuthal dependence that is
consistent with those from the isotropic model (gray dots). Consequently, this validation demonstrates the
robustness of our correction strategy in decoupling source‐induced biases from intrinsic structural anisotropy.

3.3. Inversion and Checkerboard Resolution Test

A layered velocity model (Figure 4c) is obtained by inverting the averaged Rayleigh wave phase velocity
dispersion curve (Figure 4a). This isotropic layered model serves as the initial model for the 3D tomographic
inversion. The shear wave velocity and azimuthal anisotropy models are discretized on a fine grid with di-
mensions of 0.001° × 0.001° × 0.1 km. P‐wave velocity and density are parameterized as deterministic
functions of shear wave velocity, as detailed in Hao et al. (2024). The perturbations of shear wave velocity and

azimuthal anisotropy, described as a model perturbation vector (δβ
β , δgc, δgs), are interpolated on the inversion

grid, which consists of 5 sets of coarse grids. The coarse grids are regular in the horizontal directions, but irregular
in the vertical direction, with denser grids in the shallow depths (Figure S3 in Supporting Information S1). The
irregular inversion grids in the vertical direction are designed to reflect the uneven distribution of surface wave
velocity sensitivities. In addition, the inversion grid for anisotropic parameters is coarser in the horizontal di-
rections than that for isotropic parameters (Figure S4 in Supporting Information S1), reflecting the expectation
that, for a given data coverage, the resolution of anisotropic parameters is lower than that of isotropic ones.

The resulting model is obtained by iteratively updating the velocity and anisotropy models, starting from the
initial layered isotropic model. Both the shear wave velocity and azimuthal anisotropy are updated simultaneously
using the step‐size‐controlled gradient descent method (Hao et al., 2024; Tong, 2021a). At each iteration, the

model perturbation vector (δβ
β , δgc, δgs) is normalized such that its maximum value equals a predefined step size.

The initial step size is set to 2% and is subsequently adjusted based on the objective function. Starting from the
second iteration, if the objective function increases compared to the previous iteration, indicating an overshoot
due to an excessive step size, the step size is reduced to 90% of its preceding value to ensure stability. The total
number of iterations is 100, where the objective function stabilizes with diminishing reductions (Figure S5 in
Supporting Information S1).

Checkerboard resolution tests are conducted to evaluate the resolution of the obtained shear wave velocity and
anisotropy models. Two target models are defined, featuring alternating high and low‐velocity anomalies, and
mutually perpendicular anisotropies (Text S1 and Figure S6 in Supporting Information S1). The inversion results
for Model 1 show that the shear wave velocity anomalies and anisotropy fast directions are well recovered
(Figures 6a–6c). Model 2 contains smaller velocity anomalies, and the inversion results indicate that anomalies in
the southeastern corner are not well recovered, reflecting limited data coverage. The amplitudes of both the
recovered velocity anomalies and azimuthal anisotropy are generally reduced compared to those in the target
model. Vertical cross‐sections further indicate that the depth‐dependent variations of both shear wave velocity
and azimuthal anisotropy are well resolved (Figure S7 in Supporting Information S1). Furthermore, we conducted
a leakage test to assess potential trade‐offs between isotropic velocity and azimuthal anisotropy. In this test, the
target model was an isotropic model with the same shear wave velocity perturbations as that in the checkerboard
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resolution test. Synthetic traveltimes were generated from the isotropic models and then inverted for both shear
wave velocity and anisotropy using the same procedures applied to the observed data. In this test, the magnitude
of the recovered anisotropy can be used to estimate the extent of leakage under the adopted parameterization and
regularization. The inversion results show that the velocity perturbations are well recovered (Figure S8 in
Supporting Information S1), and the amplitudes of the azimuthal anisotropies due to leakage are minor in
comparison to those shown in Figure 6.

To further quantify the uncertainty and assess the statistical stability of the inversion results, we performed a
random subsampling test. We generated 50 independent data realizations. Each realization was constructed by
randomly retaining 80% of the unique station pairs and subsequently keeping 90% of the dispersion measurements
for those selected pairs. This procedure ensures that each inversion is constrained by approximately 72% of the
original data set, allowing for a simultaneous assessment of sensitivity to spatial data coverage and frequency
content. These subsets were inverted using the same parameterization and regularization schemes as the final
model. The evolution of the objective functions shows consistent convergence across all realizations (Figure S9 in
Supporting Information S1). The resulting average model preserves the primary structural features observed in
the final model (Figure S10 in Supporting Information S1). Moreover, the standard deviations for both shear wave
velocity and azimuthal anisotropy are generally low in the resolved areas, confirming the robustness of the
interpreted structures against variations in data coverage and measurement noise.

3.4. Tomographic Results

The resulting shear wave velocity (Vs) and azimuthal anisotropy models are shown in Figure 7, revealing
complex structural features in the study region. The shallow crust is mainly composed of Jurassic to Cretaceous

Figure 6. The recovered model of the checkerboard resolution test at depths of 0.8, 1.6 and 2.4 km. (a–c) Recovered model of target model 1. (d–f) Recovered model of
target model 2. The depth is defined as the distance beneath the ground surface. The background colors denote relative shear wave velocity perturbations with respect to
the average value. The directions and lengths of the gray bars indicate the fast velocity directions and amplitudes of the azimuthal anisotropy, respectively. Only
anisotropies with amplitudes greater than 1% are plotted. The green lines delineate the faults as shown in Figure 2.
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volcanic rocks (J. Li et al., 2020). Two‐dimensional P‐wave velocity (Vp) models derived from wide‐angle
seismic reflection data indicate Vp values of approximately 5.6 km/s at shallow depths (Shao‐Bai et al., 2002;
XiuWei et al., 2020). Our Vs model yields values of 2.8–3.3 km/s at a depth of 0.8 km (Figure 7a), consistent with
the regional background. A prominent low‐Vs anomaly is observed along the Danshui Fault, extending to at least
2.4 km depth (Figure 7), and is interpreted as the damage zone associated with the fault (J. Li et al., 2020). Vertical
cross‐sections of the final model (Figure S11 in Supporting Information S1) further reveal a NW‐dipping Vs
contrast across the Danshui Fault. The azimuthal anisotropy results show that at 0.8 km depth, fast directions are E
in the western segment of the Danshui Fault and ENE in the eastern segment. At 1.6 km depth, the fast directions
rotate to NE in the west while remaining ENE in the east. Overall, the orientation of fast directions is broadly
consistent with the ENE strike of the Danshui Fault (Figures 7a and 7b).

A low‐Vs anomaly is observed north of the Danshui Fault, adjacent to the segment where it is offset by the strike‐
slip fault F3 (Figure 7a). At the location of this low‐Vs anomaly, the fast directions are oriented NW, consistent
with the strike of F3. A plausible explanation for the low‐Vs anomaly and NW‐oriented fast directions is that the
strike‐slip Fault F3 extends northwestward beyond the Danshui Fault. The inferred continuation of F3 is delin-
eated by the dashed line in Figure 7a. In the vertical cross‐sections (Figure S11 in Supporting Information S1), the
low‐Vs anomalies and NW‐oriented fast directions in the vicinity of the inferred fault can be traced to at least
2 km depth, consistent with the resolved range from the checkerboard test (Figure S7 in Supporting Informa-
tion S1), but their expression weakens below this depth.

In the southernmost part of the study region, previous studies have identified two faults, F1 and F2 (J. Li
et al., 2020; Xin et al., 2023). This area has experienced at least two stages of deformation, with thrust faulting
followed by normal and strike‐slip faulting (J. Li et al., 2020). Thrust fault F1 separates volcanic rocks to the north
from sedimentary rocks to the south (Xin et al., 2023), and the juxtaposition of relatively high‐ and low‐Vs
anomalies near F1 may reflect the combined effects of earlier thrusting and subsequent strike‐slip faulting.

4. Discussion
The Danshui Fault is the northern boundary of the Lianhuashan Fault Zone, with a strike of ENE (J. Li et al., 2020;
Xin et al., 2023). The regional maximum horizontal compressive stress (SHmax) in the shallow crust has been
determined to trend WNW based on measurements obtained using the anelastic strain recovery method (Zhang
et al., 2023). In the upper crust, seismic anisotropy primarily arises from two mechanisms: stress‐induced
anisotropy, caused by the preferential opening or alignment of cracks under the present stress field, and
structure‐induced anisotropy, associated with long‐lived geological features such as faults, mineral alignments,
and sedimentary layering (Z. Li & Peng, 2017; Boness & Zoback, 2006). At a depth of 0.8 km, the fast directions
along the Danshui Fault are E to ENE, which may reflect the influence of both fault structures and the present
stress field. At depths of 1.6 and 2.4 km, the fast directions are mostly parallel to the strike of the Danshui Fault,
suggesting a diminished influence of stress.

Figure 7. The resulting shear wave velocity model at depths of (a) 0.8, (b) 1.6, and (c) 2.4 km. The background colors denote the shear wave velocities, while the
directions of the gray bars indicate the fast velocity directions of the shear wave azimuthal anisotropies. Only anisotropies with amplitudes greater than 1.0% are plotted.
The depth is defined as the distance beneath the ground surface.
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Previous studies have shown that the Danshui Fault is truncated by NW‐trending strike‐slip faults (F3) (J. Li
et al., 2020). However, to the best of our knowledge, no evidence has been reported regarding whether the strike‐
slip Fault F3 extends north of the Danshui Fault, where the town center of Huidong is located. In the northern part
of the study region, a low Vs anomaly is observed adjacent to the position where the Danshui Fault is truncated,
and extends northwestward. In addition, the fast directions are NW, consistent with the strike of F3. These ob-
servations suggest the potential existence of a NW‐trending fault beneath Huidong town, which may represent a
continuation of the fault F3. This inference is consistent with the regional tectonic framework. The Lianhuashan
Fault Zone has undergone alternating episodes of shortening and extensional deformation (J. Li et al., 2020), and
is truncated by a set of NW‐trending faults (Lingyan et al., 2019). Seismicity in and around the study area is
relatively low, and is primarily controlled by the NE‐ and NW‐trending fault systems (Dai et al., 2024). Taken
together, the shear‐wave velocity and anisotropy patterns derived from surface wave tomography demonstrate
potential for detecting and delineating hidden faults in complex tectonic settings.

One key feature of adjoint‐state surface wave traveltime tomography is its capability to incorporate topographic
variation. As discussed in previous research (Hao et al., 2024), ignoring the deviations in propagation paths
caused by topography can lead to spurious velocity anomalies. To evaluate the influence of topography on
resulting shear wave velocity and anisotropy models, we conduct a numerical test within the azimuthally
anisotropic inversion by comparing tomographic results obtained with and without incorporating topography. The
results show that the inclusion of topography introduces corrections to both shear wave velocity and fast direction.
Specifically, overlooking topography generally leads to an underestimation of shear wave velocity, particularly
beneath the major mountainous areas (Figure 8; see vertical sections in Figures S12 and S13 in Supporting In-
formation S1). On the other hand, the impact on anisotropy is more complex, while the differences are mostly less
than 1°. Overall, the numerical test suggests that the topography has limited influence in the current study area.

Figure 8. Estimation of shear wave velocity and anisotropy bias induced by ignoring the topographic variation. (a–c) Relative differences between Vs from tomographic
inversions incorporating and ignoring topography; (d–f) Differences between fast directions from tomographic inversions incorporating and ignoring topography. The
depth is defined as the distance beneath the ground surface.
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For completeness, we provide a systematic comparison involving isotropic tomography in the Supporting In-
formation (Figures S14–S16 in Supporting Information S1). These additional tests confirm that the misfit
reduction is primarily driven by the inclusion of azimuthal anisotropy rather than topographic corrections (Figure
S15 in Supporting Information S1). Furthermore, while the dominant structural patterns remain consistent,
allowing for azimuthal anisotropy modifies the recovered shear wave velocity amplitudes by up to 6% compared
to the isotropic inversion (Figure S16 in Supporting Information S1).

As discussed in the previous section, a challenge of using ambient noise data in this region is the uneven dis-
tribution of ambient noise sources. The modeled phase delays can reach 0.35 s at a period of 2.5 s (Figure 5),
which may significantly affect the tomography results given the scale of the study area. To evaluate the impact of
the ambient noise source directionality, we compare the resulting models derived from phase traveltime data with
and without phase correction (Figures 9a, 9c, 9d, and 9f). As a reference, we also invert for a model using
azimuthally weighted traveltime data (Figures 9b and 9e). We observed that the Rayleigh wave phase traveltime is
significantly biased in certain azimuth ranges (Figures 5b and 5c). Based on these predicted phase delays, the
weights are empirically selected to discard traveltime data in azimuths with significant phase bias (Table S2 in
Supporting Information S1). Tomography results show that correcting for phase delays caused by unevenly
distributed ambient noise sources can lead to notable differences in the anisotropy pattern, especially in greater
depths (Figures 9d–9f). Furthermore, while the azimuthal weighting method yields a generally similar velocity
structure to the phase correction method, notable discrepancies exist in the resolved azimuthal anisotropy.
Specifically, differences in fast directions and amplitudes are observed in the northern corner above the hidden
fault (Figures 9d and 9e). These differences are likely attributed to the reduction in data quantity and azimuthal
coverage caused by the weighting process, which limits the constraints on azimuthal anisotropy compared to the
phase correction method. Vertical cross‐sections are shown in the Supporting Information (Figures S17 and S18

Figure 9. Comparison of resulting models using different methods for correcting phase delays caused by the uneven distribution of ambient noise sources. (a),
(d) Correction using the inverted ambient noise amplitude density function; (b), (e) Azimuthally dependent weighting; (c), (f) No correction. The depth is defined as the
distance beneath the ground surface.
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in Supporting Information S1) as a complementary visualization and are consistent with the map‐view obser-
vations discussed above.

We have developed a software package (SurfATT) based on the adjoint‐state surface wave traveltime tomography
method (Hao et al., 2024; Xu et al., 2025). In our application in Huidong, the resulting model is obtained after 100
iterations, taking a total of about 47 min, utilizing 64 CPU cores (AMD EPYC 7713 up to 3.6 GHz).

5. Conclusion
In this study, we further develop adjoint‐state surface wave traveltime tomography to invert for azimuthally
anisotropic shear wave velocity models. We demonstrate that an elliptically anisotropic eikonal equation can be
used to model Rayleigh wave phase traveltimes in weak anisotropic media. In addition, the influence of topo-
graphic variations is simulated by incorporating a topography term into the eikonal equation. An inversion
scheme is then constructed by deriving the sensitivity of the objective function with respect to both shear wave
velocity and anisotropy parameters using the adjoint‐state method.

This method is applied in the Huidong region to invert Rayleigh wave phase traveltimes for near surface shear
wave velocity and azimuthal anisotropy. Phase distortions caused by the uneven distribution of ambient noise
sources are addressed by inverting for the ambient noise amplitude density function and correcting the predicted
phase delays. The shear wave velocity and anisotropy patterns are consistent with local faults, particularly the
Danshui Fault. In addition, a hidden fault is inferred from a low‐Vs anomaly and NW‐oriented fast directions.

Appendix A: Sensitivity Kernels of the Objective Function
In this section, we derive the Fréchet derivative of the objective function at a given frequency. The definitions of
all variables follow those given in Section 2.2. We assume infinitesimal perturbations in the phase slowness and
anisotropy parameters, denoted by δsf (x0), δη f (x0), and δξ f (x0). The resulting traveltime field perturbation is
denoted by δTn,f (x0). For brevity, the explicit dependence on x0 is omitted in the following derivation. The
perturbed phase slowness, anisotropy, and traveltime field satisfy the eikonal equation:

[∇(Tn,f + δTn,f )]
t(M + δM)∇ (Tn,f + δTn,f ) = ( sf + δsf )

2, (A1)

where M contains the parameters of anisotropy and topography (see Equation 14), and δM denotes the
perturbation associated with anisotropy parameters, given by:

δM = (
a − c

− c b
) (

2δξ 2δη

2δη − 2δξ
) (

a − c

− c b
). (A2)

Under the first‐order approximation, the perturbation of the objective function can be expressed as:

δχ f = ∑
N

n=1
∑
M

m=1
ωn,m,f [Tn,f (xr,m) − To

n,f (xr,m)]δTn,f (xr,m)

= ∑
N

n=1
∫

D
∑
M

m=1
ωn,m,f [Tn,f (x0) − To

n,f (xr,m)]δTn,f (x0)δ(x0 − xr,m) dx0,

(A3)

where D is the study region on the Earth's surface, and δ(x0 − xr,m) is the Dirac delta function. Subtracting the
unperturbed eikonal equation Equation 9 from the perturbed one Equation A1 and neglecting second‐ and third‐
order terms, we obtain:

[∇Tn,f ]
tM∇δTn,f = −

1
2
[∇Tn,f ]

tδM∇Tn,f + sf δsf . (A4)
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We next multiply both sides of Equation A4 by an arbitrary test function Pn,f (x0) and integrate over the study
region D:

∫
D
Pn,f [∇Tn,f ]

tM∇δTn,f dx0 = −
1
2
∫

D
Pn,f [∇Tn,f ]

tδM∇Tn,f dx0 +∫
D
Pn,f s f δsf dx0. (A5)

Assuming that Pn,f = 0 on the boundary of the study region D and applying the divergence theorem, we simplify
the left‐hand side of Equation A5 as follows:

LHS = ∫
D
Pn,f [∇Tn,f ]

tM∇δTn,f dx0

= ∫
D

∇ ⋅ {Pn,f [∇Tn,f ]
tMδTn,f } dx0 − ∫

D
δTn,f ∇ ⋅ {Pn,f [∇Tn,f ]

tM} dx0

= ∫
D
δTn,f ∇ ⋅ {Pn,f [− ∇Tn,f ]

tM} dx0.

(A6)

Pn,f is an arbitrary test function for which we can make the following assumption:

∇ ⋅ {Pn,f [− ∇Tn,f ]
tM} = ∑

M

m=1
ωn,m,f [Tn,f − To

n,f (xr,m)]δ(x − xr,m). (A7)

Substituting Equation A7 into Equation A6, and equating the result to the right‐hand side of Equation A5, we
obtain:

∫
D
δTn,f ∑

M

m=1
ωn,m,f [Tn,f − To

n,f (xr,m)]δ(x − xr,m) dx0 =

−
1
2
∫

D
Pn,f [∇Tn,f ]

tδM∇Tn,f dx0 +∫
D
Pn,f sf δsf dx0.

(A8)

We can observe from Equation A8 and Equation A3 that the perturbation of the objective function δχ f can be
expressed as the integration over surface wave slowness and anisotropy perturbations:

δχ f = ∑
N

n=1
∫

D
Pn,f sf δsf dx0

+∑
N

n=1
∫

D
∇Tt

n,f

⎛

⎜
⎜
⎝

a − c

− c b

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎝

− 1 0

0 1

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎝

a − c

− c b

⎞

⎟
⎟
⎠∇Tn,f Pn,f δξ f dx0

+∑
N

n=1
∫

D
∇Tt

n,f

⎛

⎜
⎜
⎝

a − c

− c b

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎝

0 − 1

− 1 0

⎞

⎟
⎟
⎠

⎛

⎜
⎜
⎝

a − c

− c b

⎞

⎟
⎟
⎠∇Tn,f Pn,f δη f dx0.

(A9)

Appendix B: Sensitivity Kernels of Azimuthally Anisotropic Rayleigh Wave Phase
Velocity
A detailed derivation of the azimuthally anisotropic Rayleigh wave phase velocity and its dependence on elastic
coefficients is provided in this section. In weakly anisotropic media, the directional dependence of surface wave
velocity can be derived by imposing anisotropy as a perturbation on a horizontally homogeneous isotropic or
transversely isotropic model (Larson et al., 1998; Montagner & Nataf, 1986; Smith & Dahlen, 1973). In the
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context of Rayleigh wave phase traveltime tomography, radial anisotropy is generally not resolvable. Therefore,
we derive the sensitivity kernels based on an isotropic model.

Here elastic coefficients are expressed in Voigt notation Cij. In an isotropic model, the stiffness matrix is:

C =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

λ + 2μ λ λ 0 0 0

λ λ + 2μ λ 0 0 0

λ λ λ + 2μ 0 0 0

0 0 0 μ 0 0

0 0 0 0 μ 0

0 0 0 0 0 μ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (B1)

where λ and μ are Lamé parameters. In a layered model, both parameters are functions of vertical position z.
Anisotropic elastic coefficients are introduced as small perturbations γij upon the isotropic model Cij. In an
isotropic horizontally homogeneous medium, the displacement of a Rayleigh wave propagating at azimuth θ
(anticlockwise to the x‐axis) can be expressed as:

u(x, t,θ; k,ω) = [U(z)cos θ,U(z)sin θ, iV(z)] ei[k(x cos θ+y sin θ)− ωt], (B2)

where k is the wavenumber, x = (x,y, z) is the location, and ω is the angular frequency. The functions U(z) and
V(z) are eigenfunctions of displacement, which can be numerically solved for a given layered model (Aki &
Richards, 2002). The corresponding strain components are given below:

ϵ1 = ϵxx = icos2 θkU(z)ei[k(x cos θ+y sin θ)− ωt],

ϵ2 = ϵyy = isin2 θkU(z)ei[k(x cos θ+y sin θ)− ωt],

ϵ3 = ϵzz = iV ʹ(z)ei[k(x cos θ+y sin θ)− ωt],

ϵ4 = ϵyz =
1
2
sin θ(Uʹ(z) − kV(z)) ei[k(x cos θ+y sin θ)− ωt],

ϵ5 = ϵxz =
1
2
cos θ(Uʹ(z) − kV(z)) ei[k(x cos θ+y sin θ)− ωt],

ϵ6 = ϵxy = i cos θ sin θkU(z)ei[k(x cos θ+y sin θ)− ωt].

The Lagrangian density is the difference between the kinetic energy and the elastic potential energy. For the
Rayleigh wave described in Equation B2, the time‐averaged Lagrangian density integrated over depth can be
expressed as (Aki & Richards, 2002):

L(Cij,ρ) =
1
4
ω2∫

∞

0
(ρu ⋅ u∗) dz −

1
4
∫

∞

0
(nijCijϵiϵ∗

j ) dz, (B3)

where the superscript asterisk denotes the complex conjugate, i, j ∈ {1,2,3,4, 5,6}, and repeated indices imply
summation. The constants nij are introduced when using Voigt notation, and their values are detailed in Table B1.
Averaged over time and integrated over depth, the kinetic energy equals the elastic potential energy, which leads
to the condition:

L(Cij,ρ) = 0. (B4)

For a given wavenumber, we introduce perturbations to the elastic coefficients, leading to corresponding per-
turbations of the angular frequency and eigenfunctions. The condition in Equation B4 remains valid for the
perturbed model:
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L(Cij + γij,ρ) = 0. (B5)

According to Rayleigh's principle, the Lagrangian densityL is stationary with
respect to small perturbations in eigenfunctions δU and δV (Smith & Dah-
len, 1973). Subtracting Equation B4 from Equation B5, and retaining only
first‐order terms:

δ(ω2)∫

∞

0
(ρu ⋅u∗) dz = ∫

∞

0
(nijγijϵiϵ∗

j ) dz. (B6)

Based on the relationship between phase velocity and angular frequency
c = ω

k , the perturbation of phase velocity can be expressed as:

δc =
c0
2ω2

∫ ∞
0 (nijγijϵiϵ∗

j ) dz
∫ ∞
0 (ρu ⋅ u∗) dz

, (B7)

where c0 is the Rayleigh wave phase velocity in the unperturbed isotropic
velocity model. The values of nijγijϵiϵ∗

j are listed in Table B1. This expression
shows that the phase velocity perturbation can be formulated as the integral of
the elastic coefficient perturbations γij. The sin θ and cos θ terms can be
further simplified using the power reduction identities, resulting in a com-
bination of constant, sin 2 θ, sin 4 θ, cos 2 θ, and cos 4 θ. The perturbation of
phase velocity can be further expressed as:

δc(ω,θ) = ∑
p∈P

∫

∞

0
p(z)Kp

c(ω, z)f
p(θ)dz, (B8)

where p represents linear combinations of the elastic coefficient perturbations
γij, Kp

c is the corresponding sensitivity kernel, and f p(θ) is the azimuthal
dependence term. The values of p ∈P, Kp

c , and f p(θ) are enumerated in
Table B2. For a given velocity model, the eigenfunctions U(z) and V(z) are determined, and the wavenumber k is
dependent on the angular frequency ω. Consequently, the sensitivity kernels Kp

c depend only on ω and z.

The parameters A, C, F, L, Gc, Gs, Bc, Bs, Hc, Hs, Cc and Cs are defined following previous research (e.g.,
Montagner & Nataf, 1986; M. Chen & Tromp, 2007). Their relationship with body wave velocities is summarized
by M. Chen and Tromp (2007). The parameters A, C and F are related to the velocities of body waves at different
incidence angles and polarizations, while Hc and Hs describe the azimuthal dependence of F. In the context of
Rayleigh wave phase traveltime tomography, we assume that body wave velocities are identical at different
incidence angles, leading to the following relationships:A = C,F = A − 2L, andHc = Hs = 0. The parameters
Bc and Bs describe the azimuthal dependence of horizontally propagating P‐wave velocities. We assume
Bc = Gc and Bs = Gs, indicating that horizontally propagating P‐waves have the same fast direction as that of
shear waves. This assumption is reasonable as the fast directions of both P‐waves and shear waves can be governed
by common structural features such as foliation (Almqvist&Mainprice, 2017). The parametersCc andCs represent
azimuthal terms associated with cos 4 θ and sin 4 θ, respectively, and are usually considered negligible (Mon-
tagner&Nataf, 1986). Based on these assumptions, the perturbation of Rayleighwave phase velocity depends only
on the perturbations of four parameters:A, L, Gc, and Gs. The parameterA is related to the velocity of horizontally
propagating P‐waves (denoted by α) byA = ρα2, L is related to the velocity of horizontally propagating, vertically
polarized shearwaves (denoted by β) byL = ρβ2. Furthermore, each elastic parameter is related to a dimensionless
parameter by the following relationship:

δα
α

=
δA
2A

, (B9)

Table B1
Real Part of γijϵiϵ∗

j for Rayleigh Waves. S and C Denote sin θ and cos θ,
Respectively

ij nij Re ( γijϵiϵ∗
j )

11 1 C4k2U2γ11
12 2 C2S2k2U2γ12
13 2 C2kUVʹγ13
14 4 0

15 4 0

16 4 C3Sk2U2γ16
22 1 S4k2U2γ22
23 2 S2kUVʹγ23
24 4 0

25 4 0

26 4 CS3k2U2γ26
33 1 V ʹ2γ33
34 4 0

35 4 0

36 4 CSkUVʹγ36
44 4 1

4S
2(Uʹ − kV)2γ44

45 8 1
4CS(Uʹ − kV)2γ45

46 8 0

55 4 1
4C

2(Uʹ − kV)2γ55
56 8 0

66 4 C2S2k2U2γ66
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δβ
β

=
δL
2L

, (B10)

δgc =
δGc

2L
, (B11)

δgs =
δGs

2L
. (B12)

The direction and amplitude of the fast shear wave velocity can be calculated
by ϕβ = 1

2 arc tan
gs
gc
and Aβ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
g2s + g2c

√
, respectively. Finally, the pertur-

bation of Rayleigh wave phase velocity can be expressed as:

δc(ω,θ) = ∫

∞

0
[
δα
α
(z)Kα

c (ω, z) +
δβ
β
(z)Kβ

c(ω, z)

+δgc(z)Kgc
c (ω, z)cos 2 θ + δgs(z)Kgs

c (ω, z)sin 2 θ] dz,
(B13)

where the sensitivity kernels with respect to body wave velocities are related
to the sensitivity kernels of elastic parameters (as listed in Table B2) by:

Kα
c = 2α2ρ(KA

c + KC
c + KF

c ), (B14)

Kβ
c = 2β2ρ(KL

c − 2KF
c ), (B15)

Kgc
c = Kgs

c = 2β2ρ(KL
c + KA

c ). (B16)

Appendix C: Modeling Azimuthally Anisotropic Rayleigh Wave Phase Velocity by
Elliptically Anisotropic Eikonal Equation
In this section, we justify the use of the elliptically anisotropic eikonal equation to model the traveltime of
Rayleigh waves in azimuthally anisotropic media. As derived in Appendix B, in weak anisotropic media, the
surface wave phase velocity displays azimuthal dependence and can be expressed as:

c(ω,θ) = c0(ω)[1 + r1(ω)cos 2 θ + r2(ω)sin 2 θ], (C1)

where θ is the azimuth measured anticlockwise from the east, ω is the angular frequency, and c0 is the phase
velocity in the isotropic model. The coefficients r1 and r2 represent the relative amplitudes of the azimuthally
dependent terms which can be expressed as:

r1(ω) =
1

c0(ω)
∫

∞

0
[gc(z)K

gc
c (ω, z)] dz, (C2)

r2(ω) =
1

c0(ω)
∫

∞

0
[gs(z)Kgs

c (ω, z)] dz. (C3)

Equation C1 can be rewritten as the summation of the isotropic phase velocity and an azimuthally dependent term:

c(ω,θ) = c0(ω)[1 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r21(ω) + r22(ω)
√

cos 2(θ − ϕ)], (C4)

Table B2
Elastic Parameters, Corresponding Sensitivity Kernels, and Their Azimuthal
Dependence. All Elastic Coefficients in the First Column, as Well as the
Eigenfunctions U and V, are Functions of Depth

p(z) Kp
c (ω, z) f p(θ)

δA = 3
8( γ11 + γ22) + 1

4γ12 + 1
2γ66 K0k2U2 1

δC = γ33 K0V ʹ2 1

δF = 1
2( γ13 + γ23) 2K0kUVʹ 1

δL = 1
2( γ44 + γ55) K0(Uʹ − kV)2 1

δGc = 1
2( γ55 − γ44) K0(Uʹ − kV)2 cos 2 θ

δGs = γ45 K0(Uʹ − kV)2 sin 2 θ

δBc = 1
2( γ11 − γ22) K0k2U2 cos 2 θ

δBs = γ16 + γ26 K0k2U2 sin 2 θ

δHc = 1
2( γ13 − γ23) 2K0kUVʹ cos 2 θ

δHs = γ36 2K0kUVʹ sin 2 θ

δCc = 1
8( γ11 + γ22) − 1

4γ12 − 1
2γ66 K0k2U2 cos 4 θ

δCs = 1
2( γ16 − γ26) K0k2U2 sin 4 θ

Note. K0 = c/ [2ω2∫∞
0 ρ(U2 + V2) dz] is a constant for a given reference

model.
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where ϕ is an angle satisfying cos 2 ϕ = r1̅̅̅̅̅̅̅̅̅̅
r21 + r22

√ and sin 2 ϕ = r2̅̅̅̅̅̅̅̅̅̅
r21 + r22

√ . From Equation C4, it can be observed

that the fast phase velocity (c1 = c0 + c0
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r21 + r22
√

) occurs when the azimuth is equal to ϕ (or ϕ + π), whereas

the slow phase velocity (c2 = c0 − c0
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r21 + r22
√

) occurs when the azimuth is perpendicular to ϕ.

As discussed in Section 2.1, the propagation of surface waves exhibiting orthogonal fast and slow velocities can
be described using the elliptically anisotropic eikonal equation Equation 9. This equation includes three pa-
rameters describing anisotropic surface wave slowness: s, ξ, and η, which are related to fast phase velocity, slow
phase velocity, and fast velocity direction c1,c2, and ϕ by Equations 10–12. By substituting the definition of
c1,c2, and ϕ into Equations 10–12, we obtain:

s =
1
c0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

1 + r21 + r22

√

, (C5)

ξ =
r1

1 + r21 + r22
, (C6)

η =
r2

1 + r21 + r22
. (C7)

Based on these relationships, the perturbations of the anisotropic surface wave parameters can be expressed by the
perturbations of the body wave parameters:

δs = ∫

∞

0
[
δα
α

Kα
s +

δβ
β

Kβ
s + δgsK

gs
s + δgcK

gc
s ] dz, (C8)

δξ = ∫

∞

0
[δgcK

gc
ξ + δgsK

gs
ξ ] dz, (C9)

δη = ∫

∞

0
[δgcKgc

η + δgsKgs
η ] dz, (C10)

where:

Kα
s = −

1
c20

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

1 + r21 + r22

√

Kα
c , (C11)

Kβ
s = −

1
c20

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

1 + r21 + r22

√

Kβ
c , (C12)

Kgc
s = −

r1
c20(1 + r21 + r22)

3
2
Kgc

c , (C13)

Kgs
s = −

r2
c20(1 + r21 + r22)

3
2
Kgs

c , (C14)

Kgc
ξ =

1 − r21 + r22
c0(1 + r21 + r22)

2K
gc
c , (C15)
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Kgs
ξ = −

2r1r2
c0(1 + r21 + r22)

2K
gs
c , (C16)

Kgs
η =

1 + r21 − r22
c0(1 + r21 + r22)

2K
gs
c , (C17)

Kgc
η = −

2r1r2
c0(1 + r21 + r22)

2K
gc
c . (C18)

Appendix D: Inversion of Relative Ambient Noise Source Amplitudes
Following Harmon et al. (2010), the frequency‐domain cross‐correlation function of ambient noise, R, can be
modeled in terms of the amplitude density function A(θ,ω) of plane waves:

R(ω, t(ω),ϕ) =
1
2π
∫

2π

0
A(θ,ω)eiωt(ω)cos(θ− ϕ)dθ (D1)

= a0 J0(ωt(ω)) + 2∑
∞

n=1
inJn(ωt(ω))[an(ω)cos(nϕ) + bn(ω)sin(nϕ)], (D2)

where θ is the azimuth of incoming plane waves, ω is the angular frequency, t(ω) is the phase traveltime between
two stations, ϕ is the azimuth between two stations, and Jn is the Bessel function of the first kind of order n.
Equation D2 is derived from Equation D1 by applying the Jacobi–Anger expansion to the exponential term and
expressing the amplitude density function A(θ,ω) as a Fourier series. The coefficients an and bn in Equation D2
are the Fourier coefficients of the amplitude density function A(θ,ω), which can be expressed as:

A(θ,ω) = a0 +∑
∞

n=1
[an(ω)cos(nθ) + bn(ω)sin(nθ)]. (D3)

In practice, high‐order terms of the Fourier series can be omitted to model a smooth amplitude density function. In
this case, the ambient noise distribution can be represented by a parameter vectorm = (a0,a1,b1,… ,an,bn)

t. For
a given frequency, the frequency‐domain cross‐correlation functions frommultiple station pairs can be assembled
into a data vector d. Consequently, Equation D2 can be reformulated in matrix form as:

d = Gm, (D4)

where G is the coefficient matrix constructed from the Bessel function terms and the azimuthal geometry of
station pairs. Based on the linear relationship in Equation D4, the ambient noise source distribution can be
inverted from the observed cross‐correlation functions. It is important to note that both G and d are complex‐
valued, whereas the model vector m is real. To perform the inversion, we recast the problem using the real and
imaginary components, resulting in the following damped least‐squares solution:

m̂ = (Ge
tGe + λD)− 1Ge

tde, (D5)

where Ge = [
Re (G)

Im (G)
] is the extended coefficient matrix, de is the corresponding extended data vector that is

similarly defined, and λ is the damping parameter. The damping matrix D is defined as:
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⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 ⋯ 0

0 1 0 ⋯ 0

0 0 1 ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (D6)

By setting D11 = 0, the regularization leaves the zeroth‐order (mean) coef-
ficient unpenalized while damping all higher‐order terms, thereby favoring an
azimuthally uniform ambient‐noise source distribution. Finally, phase delays
caused by uneven ambient noise source distributions are evaluated.
Frequency‐domain cross‐correlation functions are predicted using Equa-

tion D4, and the phase delays are obtained by computing the phase difference between cross‐correlation functions
derived from the inverted amplitude density function and those based on a uniform ambient noise distribution. In
this case study at Huidong region, the parameters for the modeling and inversion of relative ambient noise source
amplitudes are summarized in Table D1.
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